Fourth ABC Index and Fifth GA Index of Certain Special Molecular Graphs by Gao, Y. (Yun) et al.
 International Journal of Engineering and Applied Sciences (IJEAS) 
 ISSN: 2394-3661, Volume-2, Issue-2, February 2015   
                                                                                              6                                                                        www.ijeas.org 
 
Abstract— Several chemical indices have been introduced 
in theoretical chemistry to measure the properties of molecular 
structures, such as atom bond connectivity index and 
geometric-arithmetic index. In this paper, we present the fourth 
atom bond connectivity index and fifth geometric-arithmetic 
index of fan molecular graph, wheel molecular graph, gear fan 
molecular graph, gear wheel molecular graph, and their 
r-corona molecular graphs. 
 
Index Terms— fourth atom bond connectivity index, fifth 




Atom bond connectivity index, geometric-arithmetic 
index and other chemical indices are introduced to reflect 
certain structural features of organic molecules (See Yan et 
al., [1-2], Gao et al., [3-4], Gao and Shi [5], Gao and Wang [6], 
Xi and Gao [7-8], Xi et al., [9], Gao et al., [10] for more 
detail). The notation and terminology used but undefined in 
this paper can be found in [11]. 
 M. Ghorbani et al., introduced the fourth Atom-Bond 
Connectivity index 4 ( )ABC G  [12] as 
          4 ( )ABC G =
( )
( ) ( ) 2
( ) ( )uv E G
S u S v
S u S v
 
 , 






 . More results on fourth ABC 
index can refer to [13-15]. 
Similarity, the fifth geometric-arithmetic index was 
denoted by [16] as 
5( )GA G =
( )
2 ( ) ( )
( ) ( )uv E G
S u S v
S u S v 
 . 
 
More conclusions on GA5 can refer to [17-18]. 





2 ( ) ( )
( )
( ) ( )
k
uv E G
S u S v
S u S v 
 . 
Let Pn and Cn be path and cycle with n vertices. The 
molecular graph Fn={v} Pn is called a fan molecular graph 
and the molecular graph Wn={v}  Cn is called a wheel 
molecular graph. Molecular graph Ir(G) is called r- crown 
molecular graph of G which splicing r hang edges for every 
vertex in G. By adding one vertex in every two adjacent 
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vertices of the fan path Pn of fan molecular graph Fn, the 
resulting molecular graph is a subdivision molecular graph 
called gear fan molecular graph, denote as 
nF . By adding one 
vertex in every two adjacent vertices of the wheel cycle Cn of 
wheel molecular graph Wn, The resulting molecular graph is a 
subdivision molecular graph, called gear wheel molecular 
graph, denoted as 
nW . 
In this paper, we present the fourth Atom-Bond 
Connectivity index of ( )r nI F , ( )r nI W , ( )r nI F  and 
( )r nI W . Also, the fifth geometric-arithmetic index and its 
general version of ( )r nI F , ( )r nI W , ( )r nI F  and ( )r nI W  
are derived. 
 
II FOURTH ATOM-BOND CONNECTIVITY INDEX 
Theorem1. 
4( ( ))r nABC I F =
(4 4) ( 2)
( )((3 2) ( 1))
n r n
r
n r n r n
  
   
+
(4 1) ( 4)
2
((3 2) ( 1))( 3 3)
n r n
n r n n r
  
    
 
(4 1) ( 5) (4 2) ( 5)
2 ( 4)
((3 2) ( 1))( 4 5) ((3 2) ( 1))( 4 6)
n r n n r n
n
n r n n r n r n n r
     
  




( 4 5)( 4 6)
n r
n r n r
 



















5 6 5 7
2 ( 4)
( 4 5)(3 ) ( 4 6)(3 )
n r n r
r n r
n r r n r r
   
 
     
. 






iv  (1 i n). Let v be a vertex in Fn beside Pn, and 
the r hanging vertices of v be 
1v , 2v , …, rv . By the 
definition of fourth atom-bond connectivity index, we have  
4( ( ))r nABC I F =
1
( ) ( )




S v S v











S v S v






( ) ( )
( ) ( )
2n i i
i i i
S v S v








( ) ( )
( ) ( )
2jn r i i
j
i j i i
S v S v
S v S v 

 =
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(4 4) ( 2)
( )((3 2) ( 1))
n r n
r
n r n r n
  
   
\+
(4 1) ( 4)
(2
((3 2) ( 1))( 3 3)
n r n
n r n n r
  
    
(4 1) ( 5)
2
((3 2) ( 1))( 4 5)
n r n
n r n n r
  

    
 
(4 2) ( 5)
( 4) )
((3 2) ( 1))( 4 6)
n r n
n
n r n n r
  
 
    
+
2 8 9 2 8 10
(2 ( 3) )
( 4 5)( 4 6) ( 4 6)( 4 6)
n r n r
n
n r n r n r n r
   
 











5 6 5 7
2 ( 4) )
( 4 5)(3 ) ( 4 6)(3 )
n r n r
r n r
n r r n r r
   
 
     
.                                                                            
Corollary1. 








4 1 4 2
2 ( 4)
(3 2)( 5) (3 2)( 6)
n n
n
n n n n
 
  













4( ( ))r nABC I W =
( 2) 4 2
( ( 1) 3 )( )
r n n
r




( 5) 4 4
( ( 1) 3 )( 4 6)
r n n
n
r n n n r
  
























iv  be the r hanging 
vertices of vi (1 i n). Let v be a vertex in Wn beside Cn, and 
1v , 2v , …, rv be the r hanging vertices of v. According to 
the definition of fourth atom-bond connectivity index, we get 
4( ( ))r nABC I W =
1
( ) ( )




S v S v











S v S v











S v S v







( ) ( )
( ) ( )
2jn r i i
j
i j i i
S v S v




( 2) 4 2
( ( 1) 3 )( )
r n n
r




( 5) 4 4
( ( 1) 3 )( 4 6)
r n n
n
r n n n r
  
   
+
2 8 10
( 4 6)( 4 6)
n r
n
n r n r
 
   
+
5 7






.                                                          
                                                                          
Corollary2. 

















4( ( ))r nABC I F =
(4 4) ( 2)
( )((3 2) ( 1))
n r n
r
n r n r n
  
   
+
(4 2) ( 4)
2
((3 2) ( 1))( 3 2)
n r n
n r n n r
  
    
4 ( 5)
( 2)
((3 2) ( 1))( 4 4)
n r n
n
n r n n r
 
 



























7 8 7 7
2( 3) 2 )
( 4 4)(3 6) ( 4 4)(3 5)
n r n r
n
n r r n r r
   
  
     
 
+
4 5 4 6
2 ( 2)
(3 5)( 2) (3 6)( 2)
r r
r n r
r r r r
 
 
   
. 
Proof. Let Pn=v1v2…vn and , 1i iv  be the adding vertex 






iv  be the r hanging 
vertices of vi (1 i n). Let 
1
, 1i iv  , 
2
, 1i iv  ,…, , 1
r
i iv  be the r 
hanging vertices of 
, 1i iv   (1 i n-1). Let v be a vertex in Fn 
beside Pn, and the r hanging vertices of v be 
1v , 2v , …, rv . 
By virtue of the definition of fourth atom-bond connectivity 
index, we obtain 
4( ( ))r nABC I F =
1
( ) ( )




S v S v











S v S v




( ) ( )
( ) ( )
2jn r i i
j
i j i i
S v S v







( ) ( ) 2
( ) ( )
n
i i i
i i i i
S v S v








1 , 1 1






i i i i
S v S v











1 1 , 1
2( ) ( )







i j i i
S v S v
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=
(4 4) ( 2)
( )((3 2) ( 1))
n r n
r
n r n r n
  
   
+
(4 2) ( 4)
(2
((3 2) ( 1))( 3 2)
n r n
n r n n r
  
    
4 ( 5)
( 2) )
((3 2) ( 1))( 4 4)
n r n
n
n r n n r
 
 



























7 8 7 7
( 3) )
( 4 4)(3 6) ( 4 4)(3 5)
n r n r
n
n r r n r r
   
  











7 8 7 7
( 3) )
( 4 4)(3 6) ( 4 4)(3 5)
n r n r
n
n r r n r r
   
  
     
+
4 5 4 6
(2 ( 2) )
(3 5)( 2) (3 6)( 2)
r r
r n r
r r r r
 
 
   
.                                                                       
Corollary3. 
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4( ( ))r nABC I W =
( 2) 4 2
( ( 1) 3 )( )
r n n
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( 5) 4 4
( ( 1) 3 )( 4 6)
r n n
n
r n n n r
  
   
  + 
5 7
























Proof. Let Cn=v1v2…vn and v be a vertex in Wn beside Cn, 
, 1i iv  vi and vi+1. Let 
1v , 2v , 
…, 





the r hanging vertices of vi (1 i n). Let , 1n nv  = 1,nv  and 
1
, 1i iv  , 
2
, 1i iv  ,…, , 1
r
i iv   be the r hanging vertices of , 1i iv   
(1  i  n).  In view of the definition of fourth atom-bond 
connectivity index, we deduce 
4( ( ))r nABC I W =
1
( ) ( )
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  
   
  + 
5 7































.                                                              
Corollary4. 




















III GENERAL FIFTH GEOMETRIC-ARITHMETIC 
INDEX 
The terminologies for these special molecular graphs 
similar as Theorem 1- Theorem 4. 
Theorem5. 
5 ( ( ))r
k
nG I FA =
2 ( )((3 2) ( 1))
( )
(4 2) ( 2)
kn r n r nr
n r n
   
  
+
2 ((3 2) ( 1))( 3 3)
2( )
(4 1) ( 4)
kn r n n r
n r n
    
  
2 ((3 2) ( 1))( 4 5) 2 ((3 2) ( 1))( 4 6)
2( ) ( 4)( )
(4 3) ( 5) (4 4) ( 5)
k kn r n n r n r n n rn
n r n n r n
         
  
     
+
2 ( 4 5)( 4 6) 2 ( 4 6)( 4 6)
2( ) ( 3)( )
2 8 11 2 8 12
k kn r n r n r n rn
n r n r
       
 
   
+









2 ( 4 5)(3 ) 2 ( 4 6)(3 )
2 ( ) ( 4) ( )
5 8 5 9
k kn r r n r rr n r
n r n r
     
 
   
. 
Proof. By the definition of general fifth geometric-arithmetic 
index, we have  
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5 ( ( ))r
k
nG I FA =
1
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S v S v 
 +
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i j i i
S v S v
S v S v  
  
=
2 ( )((3 2) ( 1))
( )
(4 2) ( 2)
kn r n r nr
n r n
   
  
+
2 ((3 2) ( 1))( 3 3)
(2( )
(4 1) ( 4)
kn r n n r
n r n
    
  
 
2 ((3 2) ( 1))( 4 5) 2 ((3 2) ( 1))( 4 6)
2( ) ( 4)( ) )
(4 3) ( 5) (4 4) ( 5)
k kn r n n r n r n n rn
n r n n r n
         
  
     
+ 
2 ( 4 5)( 4 6) 2 ( 4 6)( 4 6)
(2( ) ( 3)( ) )
2 8 11 2 8 12
k kn r n r n r n rn
n r n r
       
 
   
+









2 ( 4 5)(3 ) 2 ( 4 6)(3 )
2 ( ) ( 4) ( ) )
5 8 5 9
k kn r r n r rr n r
n r n r
     
 
   
.                     
Corollary5.
5 ( )n
kGA F = 







2 (3 2)( 5) 2 (3 2)( 6)
2( ) ( 4)( )
4 3 4 4
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2 ( 5)( 6) 2 ( 6)( 6)
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5 ( ( ))r
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2 ( ( 1) 3 )( )
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   
  
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Proof. By the definition of general fifth geometric-arithmetic 
index, we have 
5 ( ( ))r
k
nG I WA =
1
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( )
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   
  
+
2 ( 4 6)( 4 6)
( )
2 8 12
kn r n rn
n r















kGA W = 







+ n . 
Theorem 7.
5 ( ( ))r n
kG IA F = 
2 ( )((3 2) ( 1))
( )
(4 2) ( 2)
kn r n r nr
n r n
   
  
+
2 ((3 2) ( 1))( 3 2)
2( )
4 ( 4)
kn r n n r
n r n
    
 
2 ((3 2) ( 1))( 4 4)
( 2)( )
(4 2) ( 5)
kn r n n rn
n r n












2 ( 4 4)( 3)
( 2) ( )
5 7
























































2 (3 5)( 2) 2 (3 6)( 2)
2 ( ) ( 2) ( )
4 7 4 8
k kr r r rr n r
r r




Proof. By virtue of the definition of general fifth 
geometric-arithmetic index, we get 
5 ( ( ))r n
kG IA F =
1











S v S v
S v S v 
 +
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S v S v
S v S v 
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Proof. In view of the definition of general fifth 
geometric-arithmetic index, we deduce 
5 ( ( ))r n
kG IA W =
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.                                                                                 
Corollary8.
5 ( )n
kGA W = 















  . 
 
IV FIFTH GEOMETRIC-ARITHMETIC INDEX 
By taking k=1 in Theorem 5-8, we get the following 
conclusions on fifth geometric-arithmetic index.  
Theorem9. 
5( ( ))r nG I FA =
2 ( )((3 2) ( 1))
(4 2) ( 2)
r n r n r n
n r n
   
  
+
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          
 
     
+
4 ( 4 5)( 4 6)
2 8 11
n r n r
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   
 
2( 3) ( 4 6)( 4 6)
2 8 12
n n r n r
n r
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Corollary9. 
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Theorem 11. 
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.                                                                                                                 
Corollary 12. 
5( )nGA W =
























In this paper, we determine the fourth atom bond 
connectivity index and fifth geometric-arithmetic index of fan 
molecular graph, wheel molecular graph, gear fan molecular 
graph, gear wheel molecular graph, and their r-corona 
molecular graphs. Furthermore, the general version of fifth 
geometric-arithmetic index is discussed.  
 
ACKNOWLEDGEMENTS 
We thank the reviewers for their constructive comments 
in improving the quality of this paper. This work was 
supported in part by NSFC (no. 11401519). We also would 
like to thank the anonymous referees for providing us with 




[1] L. Yan, Y. Li, W. Gao, J. S. Li, On the extremal hyper-wiener index of 
graphs, Journal of Chemical and Pharmaceutical Research, 2014, 6(3): 
477-481. 
[2] L. Yan, W. Gao, J. S. Li, General harmonic index and general sum 
connectivity index of polyomino chains and nanotubes, Journal of 
Computational and Theoretical Nanoscience, In press. 
[3] W. Gao, L. Liang, Y. Gao, Some results on wiener related index and 
shultz index of molecular graphs, Energy Education Science and 
Technology: Part A, 2014, 32(6): 8961-8970.  
[4] W. Gao, L. Liang, Y. Gao, Total eccentricity, adjacent eccentric distance 
sum and Gutman index of certain special molecular graphs, The 
BioTechnology: An Indian Journal, 2014, 10(9): 3837-3845. 
[5] W. Gao, L. Shi, Wiener index of gear fan graph and gear wheel graph, 
Asian Journal of Chemistry, 2014, 26(11): 3397-3400. 
[6] W. Gao, W. F. Wang, Second atom-bond connectivity index of special 
chemical molecular structures, Journal of Chemistry, Volume 2014, 
Article ID 906254, 8 pages, http://dx.doi.org/10.1155/2014/906254. 
[7] W. F. Xi, W. Gao, Geometric-arithmetic index and Zagreb indices of 
certain special molecular graphs, Journal of Advances in Chemistry, 
2014, 10(2): 2254-2261. 
[8] W. F. Xi, W. Gao,  -Modified extremal hyper-Wiener index of 
 International Journal of Engineering and Applied Sciences (IJEAS) 
 ISSN: 2394-3661, Volume-2, Issue-2, February 2015   
                                                                                              12                                                                        www.ijeas.org 
molecular graphs, Journal of Applied Computer Science & 
Mathematics, 2014, 18 (8): 43-46. 
[9] W. F. Xi, W. Gao, Y. Li, Three indices calculation of certain crown 
molecular graphs, Journal of Advances in Mathematics, 2014, 9(6): 
2696-2304. 
[10] Y. Gao, W. Gao, L. Liang, Revised Szeged index and revised edge 
Szeged index of certain special molecular graphs, International 
Journal of Applied Physics and Mathematics, 2014, 4(6): 417-425. 
[11] J. A. Bondy, U. S. R. Mutry, Graph Theory, Spring, Berlin, 2008. 
[12] M. Ghorbani, M. A. Hosseinzadeh, Computing ABC4 index of nanostar 
dendrimers, Optoelectron. Adv. Mater.–Rapid Commun. 2010, 
4(9):1419-1422. 
[13] M. Ghorbani, M. Jalili, Computing a New Topological Index of Nano 
Structures, Digest. J. Nanomater. Bios. 2009, 4(4): 681 - 685. 
[14] M. Ghorbani, M. Ghazi, Computing some topological indices of 
Triangular Benzenoid, Digest. J. Nanomater. Bios. 2010, 5(4): 
1107-1111. 
[15] M. R. Farahani, Fourth Atom-Bond Connectivity (ABC4) Index of 
Nanostructures, Sci-Afric Journal of Scientific Issues, Research and 
Essays, 2014, 2 (12): 567-570. 
[16] A. Graovac, M. Ghorbani, M. A. Hosseinzadeh, Computing fifth 
geometric-arithmetic index for Nanostar Dendrimers, Journal of 
Mathematical Nano Science, 2011, 1 (1): 32–42. 
[17] M. R. Farahani, Fifth geometric-arithmetic index of Polyhex Zigzag 
TUZC6[m;n] nanotube and nanotori, Journal of Advances in Physics, 
2013, 3(1): 191–196. 
[18] M. R. Farahani, Computing GA5 index of armchair polyhex nanotube, 
LE MATEMATICHE, 2014, Vol. LXIX – Fasc. II: 69–76. 
 
Yun Gao was born in Yunnan Province, China, on December 10, 1964. He 
studied in the Department of  Physics of Yunnan Normal University from 
1980 to1984 and got his bachelor degree on physics. And then he worked as 
an editor and a physics lecturer in the Journal of Yunnan Normal University 
till now. During  his years,  he was always engaged in studying  the 
computational physics and other related areas, such as condensed  matter 
physics and computer science. He had published more than 30 scientific 
papers in home and abroad. Now, as the vice editor in chief of  Yunnan 
Normal University and a researcher, his interests are mainly in 
computational physics and computing method. 
 
Li Liang was born in 1965. As a professor of Yunnan Normal University, 
his interests are in graph theory, statistical learning theory, information 
retrieval, and artificial intelligence 
 
Wei Gao was born in the City of Shaoxing, Zhejiang Province, China on 
February 13, 1981. He got two bachelor degrees on computer science from 
Zhejiang Industrial University in 2004 and mathematics education form 
College of Zhejiang Education in 2006. Then, he enrolled in the Department 
of Computer Science and Information Technology,  Yunnan Normal 
University, and got his master degree there in 2009. In 2012, he got PhD 
degree in the Department of Mathematics, Soochow University, China. Now, 
he acts as a lecturer in the Department of  Information, Yunnan Normal 
University.  As a researcher in computer science and mathematics,  his 
interests are covered two disciplines: graph theory, statistical learning theory, 
information retrieval, and artificial intelligence 
